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Abstract. We extend the free version [8] of the Laha-Lukacs theorem to 
probability spaces with two-states. We then use this result to generalize the 
noncommutative central limit theorem of Kargin ,23] to the two-state setting. 

1. Introduction 

Both classical and free Meixner distributions first appeared in the theory of or- 
thogonal polynomials in the works of Meixner [30] , Anshelevich [3] , and Saitoh and 
Yoshida [34] . Morris [31] pointed out the relevance of classical Meixner distributions 
for the theory of exponential families in statistics; Diaconis, Khare and Saloff-Coste 
[TS] gave an excellent overview of state of the art. Ismail and May [3T] analyzed a 
mathematically equivalent problem from the point of view of approximation oper- 
ators. A counterpart of (some aspects of) this theory for free Meixner distributions 
appear in an unpublished manuscript by Bryc and Ismail [16j and in |15j . 

Laha and Lukacs 28J characterized all the (classical) Meixner distributions using 
a quadratic regression property and Bozejko and Bryc [5] proved the corresponding 
free version. Anshelevich [3] considered a Boolean version of this property showing 
that in the Boolean theory Laha-Lukacs property characterizes only the Bernoulli 
distributions. 

According to Example 3 in [5] and Proposition 3.1 of Franz [19], Boolean, mono- 
tone, and free independence are all special cases of the c-freeness for algebras with 
two states. Our primary goal in this paper is to extend 18: and [¥] to the two-state 
setting under a weaker form of c-freeness, which we call (<^|VO-freeness, and which 
shares with boolean and free independence a good description by cumulants. 

As an application of our main result, we prove the central limit theorem under a 
certain type of "weak dependence" which includes the so called singleton condition, 
whose importance to central limit theorem was pointed out in Theorem of Bozejko 
and Speicher [11] ; our assumptions are modeled on Kargin [23] who weakened free- 
ness assumption in the free central limit theorem. Our result addresses a question 
of finding the "appropriate notions of independence or of weak dependence" for the 
quantum central limit theorem which was raised on page 11 of [2] and describes the 
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limit law; if one is interested solely in convergence, it can be deduced from the gen- 
eral theory of the quantum central limit theorem developed by Accardi, Hashimoto 
and Obata [Tj. Section 8.2 of Hora and Obata [5D] discusses the role of singleton 
condition and gives the central limit theorem under classical, free, boolean, and 
monotone independence. 

1.1. A two-state freeness condition. Let A be a unital *- algebra with two states 
tp, <p : A — > C. We assume that both states fulfill the usual assumptions of positivity 
and normalization, and we assume tracial property ip(ab) — ip(ba) for tp, but not 
for if. 

A typical model of an algebra with two sates is a group algebra of a group 
G = *iGi , a free product of groups Gi. Here <p is the boolean product of the 
individual states (which was also called "regular free state"); the simplest example 
is the free product of integers, Gi — Z, where G is a free group with arbitrary 
number of generators, and if is the Haagerup state, $(#) = r^l, where \x\ is the 
length of word x € G, —1 < r < 1, and state ip is 8(0). For details see Bozejko 

mm- 

A self-adjoint element X £ A with moments that fulfill appropriate growth con- 
dition defines a pair fj,, v of probability measures on (K, B) such that 

(p(X k ) = [ x k fi{dx) and V(X fe ) = / x k v{dx). 
Jr Jr 

We will refer to measures (i, v as the ^3-law and the V'-law of X, respectively. 

With each set of ai,...,a n S A and a pair of states (ip,ip) we associate the 
cumulants = Rk,ip,tp, k — 1,2,..., which are the multilinear functions A k — > C 
defined by 

(1.1) ip(aia 2 ■ . ■ a n ) 

n 

= 22, ^2 Rk(ai,a S2 , 

fe=l l=s 1 <s 2 < - <Sk<n 

We will use the notation 

(1.2) r n (ai, ...,a n ):= R n ^^(ai, . . . , a n ). 

We remark that r n are the free cumulants with respect to state ip 1 as defined by 
Speicher [5Sl[3nj; see also [32]. For more general theory of cumulants, see [29] . 
Fix a £ A, and consider the following formal power series 

oo 

(1.3) R(z) = ^^(a,...^)*"- 1 , 

n=l 

oo 

(1.4) m(z) = ^Xa"), 

oo 

(1.5) M(z) = 5>>(a*). 

n=0 

By Theorem 5.1 of [9], Eqtn. is equivalent to the following relation 

(1.6) M(z) (1 - zR{zm(z))) = 1. 



fc-l / s r+ i-l 

,as k )<p(a Sk +i.-.a n )Y[ip Yi a i 

r—1 \j—s r -\-l 
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Definition 1.1. We say that subalgebras A%, A2, ■ ■ ■ are (ip\ip)-iree if for every 
choice of ax, ■ ■ ■ , a n € [jjAj we have 

R n (a\, . . . , a n ) = except if all aj come from the same algebra. 

It is important to note that ((/?|^)-freeness is weaker than c-freeness, as explained 
before Lemma 11.11 Thus we could have used the term weak c-freeness instead of 
(</?|?/>)-freeness. 

When the algebras are (ip\ip)-hee, we will abbreviate this to ib-iree. From Ref. 
[35] it follows that ^-freeness coincides with the usual concept of freeness as intro- 
duced by Voiculescu [57] . 

We will say that X,Y are (<p\i/j)-fiee if the unital algebras C(X) and C(Y) are 
((p\ip)-{ree. 

A related concept is the following. 

Definition 1.2 (See Refs. pH] and [9]). We say that subalgebras Ai,A2, ■ ■ ■ are 
c-free if for every choice of i\ ^ 12 ^ ■ • • 7^ i n and every choice of aj € Aj such that 
ip{aj) = (thus aj =/= I) we have 

n 

(1.7) ip(a il ...a in ) = Y[(p(a ik ). 

fc=X 

1.2. Properties of (ip\ ip)- freeness. If Ai,A2 are (<p\i/j)-tree then for a 6 A\,b £ 
A 2 

(1.8) tp{ab) = <p(a)<p(b). 
For ax, aa € A\, b € Ai we have 

(1.9) (p(a 1 ba 2 ) = ib{b)(p(aia 2 ) - t/j(b)ip(a 1 )ip(a 2 ) + ip(b)ip(a 1 )ip(a 2 ). 
For ax, a% G A\, b\, 62 G -42 we have 

(1.10) ip(a 1 b 1 a 2 b 2 ) = (^(a^^^iMM - ¥>(ax)^(a 2 M&x&2) 

+ ¥ J (a 1 )V'(a2)<p(&i)<p( & 2) - (p(ai)ip(a2)(p(bi)ip(b 2 ). 

Formulas (|1.8|) (|1.9p and are identical to formulas under c-freeness as given in 
Lemma 2.1 of Ref. [9|. Together with formula (jl.lOp they imply that for a pair 
of (ip\ip)-iree algebras, (|1.7p holds for n < 4. One can check that if a, b are (v?|V0~ 
free and ip(a) — ip(b) = but i/j(bab) 7^ then ip(ababa) ^ ip(a) 3 ip(b) 2 ; thus the 
concepts of c-freeness and of (t^l^-freeness are not equivalent. Nevertheless they 
coincide for ^-free algebras as noted in the following. 

Lemma 1.1 (page 368 of Ref. 9 ). Suppose Ai,A2,--- are ip-free. Then the 
algebras Ax, A 2 , ■ ■ ■ are ((p\ip)-free if and only if they are c-free. 

(It would be interesting to characterize (<^| ^-freeness without the freeness as- 
sumption on tp.) 

We will also rely on the following fact. 

Lemma 1.2 (Ref [9]). Given a noncommutative random variable X in a two-state 
probability space, there exist a two-state algebra (which one can take as the algebra 
of noncommutative polynomials C(X, Y) in two variables) and two non- commutative 
random variables X,Y which are ijj-free, ((p\ip)-flree, and both have the same ip-law 
and ip-law as X. 
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Proof. Theorem 1 of Ref. [TO] , see also Theorem 2.2 of Ref. [9], shows how to 
extend both states to the free product of the original algebra so that the resulting 
algebras are c-free and -0-free. By Lemma ll.ll they are thus (y|^)-free. □ 



2. A (ip\tp)-FREE QUADRATIC REGRESSION PROBLEM 

In this section we prove a two-state version of Theorem 3.2 of Ref. [8]. The 
statement is fairly technical, but we found it useful for our proof of the central 
limit theorem (Theorem 14. II below - ) . 

Theorem 2.1. Suppose X, Y are self-adjoint (ip\ip)-free and 

(2.1) <p(X n )=<p(Y n ), V>(X")=V(Y") 

for all n. Furthermore, assume that ^(X) = 7 <p(X 2 ) = 1. (This can always be 
achieved by a shift and dilation, as long as ^(X 2 ) ^ 0.) 

Let S = X + Y and suppose that there are a,cel and b > —2 such that 

(2.2) <p ((X - Y) 2 §") = ((41 + 2a§ + 6S 2 )§") , n = 0, 1, 2 . . . . 

Then the f -moment generating functions M§(z) := X)fc°=o zk( fi{^ k ) an d := 
T^k=o z k ij){E> k ), which are defined as formal power series, are related as follows 

(2.3) M s (z)~ 2 + b-(2az + b)m s (z) 



2 + b - (4z 2 + 2az + b)m§(z) ' 

Remark 2.1. We will apply (|2.3[) to the case when m§(z) converges for small enough 
\z\, in the form as written. In general, the right hand side of (|2.3|) needs to be 
interpreted correctly. Recall that the composition p(q(z)) of two power series p, q 
is well defined if q(z) has no constant term. Note that the formal power series 
—b + (4z 2 + 2az + 6)m§(z) has no constant term, so it can be composed with the 
formal power series X)^o 2"+ 1 z "' wri i c ^ i s a formal power expansion of the function 
2^- . It is therefore natural to denote such a composition by 

1 



2 - (-6 + (4z 2 + 2az + b)m§(z)) ' 

The right hand side of (|2.3p is then interpreted as the product of this power series 
with the formal power series 2 + b — (2az + b)m§(z). 

Remark 2.2. Our assumptions on if do not allow us to use conditional expectations. 
However, it is still natural to ask which properties of conditional expectations would 
have implied assumptions of Theorem 12.11 To this end, we denote by </j(-|§) the 
conditional expectation onto the commutative algebra generated by §. 
From equality of the laws (|2.ip and (< / 9| , 0)-freeness, one can deduce that 

(2.4) vpSST) = \y (§" +1 ) , n = 0,l,2.... 

(See (|2.7p below.) When the conditional expectation exists, this property follows 
from (^(XIS) = iS. We can then derive (|2.2[) from the quadratic variance property 

(2.5) ^(X 2 |§) - KX|§)) 2 = c (l + + J§ 2 
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2.1. Proof of Theorem [27TJ We first remark that c = (2 + b) _1 . This follows 
from (J221) with n = since <p(X ± Y) 2 = 2 ± yj(XY) ± y>(YX) = 2. 

By definition, i?„(S, . . . , S) = i?„(X, . . . , X) + R n {Y, . . . , Y). From (JUTJ) we see 
that R n (X,...,X) = Rn(Y, . . . , Y). Thus 

(2.6) i?„(X — Y, §) = i?„(X, S, ...,S) — Rn(Y, S) 

= R n (X,...,X)-R n (Y,...,Y) = 

for all n. By (jl.ip this implies 

(2.7) ¥>((X- Y)S n ) = 0. 
Similarly, using multilinearity of i?, 

(2.8) i?„(X-Y,X-Y, §,..., S) 

= i?„(X, X - Y, S, ...,§)- Rn(Y, X - Y, §,..., S) 

= i?„(X, . . . , X) + i?„(Y, . . . , Y) = i?„ (§,..., S) 

for all n > 2. Formula (jl.ip therefore implies that 

<p((X- Y) 2 S n ) 

n+2 fe-1 

= ^ ^ i? fe (X-Y,X-Y,S...,S)^(S n - 6fc - 1 ) JJ^S 6 ^ 1 - 6 "- 1 ) 

fe=2 l=6i<&2=2<"-<6 fc <n+2 r=l 
n+2 fc-1 

+ ^ £ i? fc (X -Y, §,..., SJ^C^- 6 *" 1 ) JJ^(S 6r+1 - ir - 1 ). 

fc=l l=hi<2<fc 2 <---<bfc<n+2 r=l 

By (|2.6I) . the second sum vanishes. Using (|2.8|) we get 

(2.9) ^((X-Y) 2 §™) 

n+2 

= £ £ Ji fe (§,s ) s...,sMs n -^- 1 )J]v(s br+I - 6r - 1 )- 

fc=2 l=6i<6 2 =2< - <fci<n+2 r=l 

Comparing this with the decomposition for </?(§™ +2 ) we see that 
if ((X - Y) 2 §") = tp(§ n+2 ) 

n+2 

E ii fc (s,s,... > sMS B - 6 *- 1 )JJ^(s 6 H- 1 - 6 '- 1 ). 

fc=2 l=bi<2<b 2 < - <fc fc <n+2 r=l 

We now rewrite the last sum based on the value of m = i>2 — b\, compare Ref. [5]. 
We have 

<p((X- Y) 2 §") = <^(§ n+2 ) 

n n+2 

-X;^(S ro )E E R k (S,S, . . . ,S)<p(S n ~ bh ~ 1 ) 

m=l k=2 l=b 1 <l+m=b 2 <---<b k <n+2 

fc-1 

x Yl ^(S 6r+I " 6r_1 )- 

r=l 
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Since 62 — b\ — 1 = m, formula (|2.8|) gives 

n+2 

E E i? fc (s,s,...,§M§"^- 1 )n^(s , ''' +1 ^ 1 ) 

fc=2 l=6i<l+m=6 2 <--<6fc<ra+2 r=l 
n+2 

= E E fl fc (X- Y,X -Y,S,..., S)(p{S n - bk - 1 )i/j{S m ) 

k=2 l=b 1 <l+m=b 2 <---<b k <n+2 

fc-1 
r=2 

Re-indexing the variables so that 62 = 2 and inserting this into (|2.9p we get 



p ((X - Y) 2 §") = tp{$ n+2 ) - V>(§ m M(X - Y) 2 $ n - m ). 

Thus from (|2T2"j) we get 

1 " 

^(§" +2 ) = ^—7 E (M® n - j ) + 2a^(§"-^ +1 ) + ^(S-^ +2 )) 

i=o 

A routine argument now relates the formal power series: 

00 



n=0 
2 oo n 



. E E *ty(SV" J ' (4^(§"- J ) + 2a^(§"-^ +1 ) + 6^(§"^+ 2 )) 

2 00 00 

= 1 + E E (4y(S B_J ') + 2a(^(§"- 3+1 ) + 6(p(S"- J+2 )) 

3=0 n=j 

= 1 + (*z 2 M s (z) + 2az(M s (z) - 1) + b(M$(z) - 1)) . 

3. The <^-law of X 

In this section we are interested in one explicit case when Theorem 12.11 allows 
us to determine the tp-law of X from the ip-lam of X. This case arises when X, Y 
are ip-free and (ip\ip)-iree with compactly supported laws. Then the ip-law and the 
■0-law of X + Y are determined uniquely from the laws of X, Y by the generalized 
convolution © which was introduced by Bozejko and Speicher |10j and studied in 
Refs. [9j [12j [13j [26l [27]. The generalized convolution is a binary operation on the 
pairs of compactly supported probability measures {ji,v). The analytic approach 
from Theorem 5.2 in Ref. [9] is especially convenient for explicit calculations. 
According to this result, the generalized convolution (/ii, v\) © {112, v-i) of pairs of 
compactly supported probability measures is a pair (fi, v) of compactly supported 
probability measures which is determined by the following procedure. Consider the 
Cauchy transforms 

G j( z ) = I Mi(^), 9j{z) = [ ^—L>j(dx), j = 1,2. 

I z — x J z — x 
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Let kj(z) be the inverse function of gj(z) in a neighborhood of oo, and define 
(3.1) r j {z) = k j {z)-l/z. 

On the second component the c-convolution acts as the free convolution [37], v = 
v\ B3i>2 ■ Recall that the free convolution v of measures v\ , v 2 is the unique probability 
measure with the Cauchy transform g[z) which solves the equation 

9{Z) = z - ri (g(z))-r 2 (g(z)y 
To define the action of the generalized convolution on the first component, let 
R j (z) = k j (z)-1/G j (k j (z)). 

Thus 

(3-2) Gj(z) = 1 

The first component of the generalized convolution is defined as the unique proba- 
bility measure fi with the Cauchy transform 

G(z) = ' 



We write 

We remark that 



: - R^giz)) - R 2 {g{z)) 

(H,L>) = (/Xi,^i) © (/i2,f 2 )- 



3C 



r{z) = r k z k -\ R(z) = £ R^' 1 

k=l k=l 

are the generating functions for the tp-hee and (ip\^)-iree cumulants respectively, 
sec (|1.3[) . We also note that the above relations can be interpreted as combinatorial 
relations between ^-moments and (ys-momcnts; the assumption of compact support 
allows us to determine the laws uniquely from moments. 

3.1. The case of "constant conditional variance". 

Proposition 3.1. Suppose X, Y are ip-free with the same compactly supported if>- 
law v , and are ((p\ip)-free with the same ip-law. If (|2.2p holds with a = b = 0, then 
the if -law o/X is compactly supported and uniquely determined by v. 

Proof. The ip-law of § is the free convolution v EB v, so it is compactly supported. 
Therefore mg(z) is given by a series that converges for small enough \z\. Then (|2.3p 
reduces to 

M$(z) = — 2 — , 

1 — 2z z ms(z) 

and M§(z) is also given by a convergent series. In particular, the ^3-law of S is 
compactly supported. So for Qz > 0, the Cauchy transform is 

(3.3) G s (z) = -M s (l/z) = 1— . 

z z - 2gs(z) 

Thus R k (S, . . . , S) = for all k except for R 2 (S, S) = 2. This shows that R k (X, . . . , X) 
for all k except for R 2 (X,X) = 1. Thus R x (z) = z and (TS) gives 

. . . _ . . 1 
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This implies that y-law of X has compact support, and its Cauchy transform is 
uniquely determined by 

(3.5) Gx(z) = 1 — 

□ 



so that gx(z) = z ^ 2 4 ~- Proposition 13.11 then shows that the (£>-law of X has 



In particular, suppose v is the semicircle law with mean zero and variance cr 2 , 

>position 13.11 then shows 

(<7 2 -i)z-Wz 2 -4<7 2 



2cr 2 

Cauchy-Stieltjes transform 



(3.6) Gx(z)= , ., 

1 + ((7- — 1) Z Z 

This law plays the role of the "Gaussian limit" in Ref . [5] . 

3.2. The case of "linear conditional variance". Suppose (|2.2p holds with b 
0. Then reduces to 

M s (z) 1 ~ aZms{z) 



1 — (2z + a)zmg(z) 

So again the $-law of S is compactly supported, if the ip-l&w is, and the Cauchy 



transform is 



with 



r , s 1 -ags(z) 1 



z - (2 + az)g s (z) z - R§(g§(z)) 
2u 



1 — au 

This shows that Rx{z) = t _f and 

1 - agx(^) 



i2s(tt) = 

r: 

Gx(^) 



z - (1 + az)gx(z) ' 

In particular, suppose that the "0-law of X is Marchenko-Pastur with parameter 
A > 0, so that 



z + (l-A)- v /(z-l-A) 2 -4A 

ff = Yz ; — • 

If a = 1, then the y-law of X is compactly supported, with Cauchy transform 



1 + A - z(l - 2A) - y / (z-l-A) 2 -4A 
GX(Z) = 2(l + z(l + A)-z 2 (l-A)) ' 

Related laws appear in Eqtn. (17) of Ref. [T7] and on page 380 in Ref. [3]. 

4. Central limit theorem for non-identical summands 

The central limit theorem and the Poisson convergence theorem for sums of 
((/?| , 0)-free random variables that are also ^-free appear in Theorems 4.3 and 4.4 
of Ref. 9J. Recently Kargin [23] observed that in the free case one can dispense 
with the assumption of identical laws and at the same time relax the freeness 
assumption. A similar result in classical probability is due to Komlos [24] who 
assumes a much weaker version of singleton condition (|4.1j) and has an inequality 
in his condition (6) that substitutes for (|4.3|) . Komlos' conditions were motivated 
by (classical) central limit theorem for the so called multiplicative systems. We 
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also note that in classical probability Jakubowski and Kwapien [22] discovered a 
beautiful connection between multiplicative systems and independent sequences. 
No counterpart of this result is known in noncommutative setting; compare also 
non-commutative p-orthogonality and Remark 2.4 of Pisier [33] , and work of Kostler 
and Speicher [25] on noncommutative versions of de Finetti's theorem. 

In this section we use Theorem 12.11 to deduce a two-state version of Kargin's 
result. The convergence of moments can also be obtained as a corollary of Theorem 
3 in Accardi Hashimoto and Obata [2J, see also Theorem 3.3 in pQ, Theorem of 
[llj . and Section 8.2 in [50]. This theorem says that under the singleton condition 
(|4.ip . in order to complete the proof of CLT, it suffices to control ergodic averages 
of totally entangled pair partitions. The disentanglement can be achieved from 
various conditions that include statistical conditions, such as the free case or the 
generalized freeness given by conditions (14. 2|) and (|4.3|) . This approach, as well 
as classical CLT in Ref [23], suggests that one should seek a weaker version of 
(|4.3|) that perhaps would be stated as an inequality. On the other hand, our proof 
from Theorem 12.11 gives directly the formula for the Cauchy-Stieltjes transform of 
the limit law which would require additional work if the techniques from pQ were 
applied. 

We also note that Wang [35] uses analytical methods to study limit theorems for 
additive c-convolution with measures of unbounded support. It is not obvious how 
Kargin's condition A should be generalized to this setting. In fact, a generalization 
of Theorem 12.11 to unbounded random variables would be interesting even in the 
free case studied in [8j. 

Definition 4.1. We will say that a sequence of random variables Xi, X2, . . . satis- 
fies Kargin's Condition A with respect to (<p\ip), if: 

(i) For every k ^ {ji, . . . , j n } the following singleton conditions hold: 

(4.1) ^{X k K n . . . X Jr ) = p(Xfr X fc X i2 . . . X Jr ) = . . . 

= tp(X jl ...X jr X k ) = 0. 

(4.2) ^(X fc X J - 1 ...X jV ) = 0. 

(In particular, ip(&j) = y(Xj) = 0.) 

(ii) For every k (jL {ji, . . . , j r }, and < p < r, 

(4.3) p(X fc X Jl ...X Jp X fc X ij>+1 ...X jp ) 

= 9 {xl^(x jl ...x jp Mx jp+1 ...x jr ). 

We remark that conditions (|4. 1[) and (|4.3[) are automatically satisfied if Xi, X2, . . . 
are (^-centered and (<p\ijj)-{ree; clearly, condition (|4.2p holds true if Xi,X2, . . . are 
^-centered and tp-hee but of course it is weaker and can hold also for classical 
(commutative) independent random variables. 

Theorem 4.1. Suppose that 

(i) Xi,X2, . . . satisfies Kargin's Condition A with respect to (tp\i()); 

(ii) All joint moments of order k are uniformly bounded 



(4.4) 



sup IvCXj! . . . X jk )| < Ck < 00 for k = 1, 2, 
3i,...,ifc>i 
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(iii) Sequences s| := and := </?(X|) satisfy 

(4.5) (a? + • • ■ + s and (5? + • • • + S*)/n 5. 

(iv) < s, S < oo. 

(v) TTie if) -moments of —j == — 2j=i ^3 converge to the corresponding mo- 
ments of a compactly supported probability measure v . 

Then the ^-moments of . 1 S?=i ^3 converges to the moments of the unique 

V "I 

compactly supported law fi with Cauchy transform p.5[) . where g%{z) = J Sz _ sx v(dx). 

Combining Theorem 14.11 with Ref. [23| and formula (|3.6p we get the following 
generalization of Theorem 4.3 in Ref. [§]. 

Corollary 4.2. Suppose that 

(i) Xi,X2,... satisfies Margin's Condition A with respect to (<p\ip) and with 
respect to (if)\if>). 

(ii) All moments are uniformly bounded: (14. 4[) holds true, and sup„ |V>(^n)l < 
oo for k = 1, 2, . . . . 

(iii) Sequence s^ := ip(X3) = s| and S| := y(X|) sate/?/ (|4.5p toii/i < s, 5 < 
oo. 

TTien the ip-law of ^j s2 +.. +S 2 53j=i converges to the law fj, with the Cauchy- 
Stieltjes transform (13. 6|) and <r = s/S. 

Our proof of the central limit theorem is based on reduction to Laha-Lukacs 
theorem which in classical probability was introduced in Section 7.3.1 of Bryc [14] . 

4.1. Proof of Theorem 14.11 By Ref. [TU] without loss of generality we may 
assume that we have a two-state probability space with two copies of the original 
sequence: (Xfc) and (Y&) each of them separately having the same ^-moments 
and (/^-moments as the original sequence, but such that the algebras *4x and Ay 
generated by (Xfc) and by (Yfc), respectively, are tp-hee and (ip\if))-hee. 

Under this representation, the ^-distribution of —^==== ^™ =1 (Xj + Yj) con- 
verges to vfBv. Our goal is to show that the (/^-distribution of , 1 V" , (X,+ 

Yj) has the unique limit determined by the law with Cauchy-Stieltjes transform 
(|3.3p . To do so, denote 

1 n n 
v 3=1 v 3=1 

4 e) = X|Y]- E , e = 0, 1. 
Since the variables do not commute, we adopt a special convention for the product 
notation convention which relies on the order of the index set: 

Lemma 4.3. In the above setting, if {X,,} satisfies Kargin's Condition A, then 
{Xi, Yi, X2, Y2, . . . } satisfies Kargin's Condition A. 

Proof. We first note the following. 



Denote 
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Claim 1. Singleton properties (|4.ip . (14. 2|) for {Xj} are equivalent to the following: 
for k $ {ji, . . . , j p } with p = 0,1,2, ... , we have 

(4.6) i? p+ i(Xfc,Xj 1 , . . . ,Xj p ) = iJ p+ i(Xj 1 Xfc,Xj 2 , . . . ,Xj p ) = . . . 

■ • • = Rp+i (Xji , . . . , X 3p , Xfe) = 0, 

and 

(4.7) r p+1 (X fe ,X jl ,...,X ip ) = 0. 

Proof. Clearly, 1|4.7|) implies (|4.2p by (jl.ip applied to ip — xp. Conversely, suppose 
that r p +i(Xfc, Xjj , . . . , Xj ) 7^ for some p > 0, and take the smallest p. Since for 

F = {flj2,.--}C{jl,...,jp}, 

v<x fc n x/) = 0, 

feF 

the only non-zero terms in must come from cumulants that have Xfe as their 
argument. Thus, with IT^ denoting the appropriate products of moments, 

= ip(X k ,X h . ..X jp ) =22r\ F \ + i(X k ,X fl ,Xfr, . . . )U F 

F 

— r p+ i (Xfe , Xj x , . . . , X Jp ) + lower order terms. 

Since by assumption all lower order cumulants vanish, we see that r p+ \ (Xfe , Xj x , . . . , X Jp ) 
in fact must be zero. □ 



Claim 2. Suppose {Xj} satisfies singleton properties (|4.1[) and (14. 2\ . Then (|4.3[) 
is equivalent to the following: for k ^ . . . , j r } with r = 1,2,..., and every 
< p < r we have 

(4.8) i? r+ 2(Xfe,Xj 1 , . . . ,Xj p ,Xfe,X Jp+1 . . . ,Xj- r ) = 0. 

Proof. Suppose (|4. 6[) and (|4.8[) hold. Then in Xfe must appear twice in the 

argument of R. Thus 

v(x k x h . . . X jp X k X jp+1 . . . X jr ) 

= i?2(Xfe, X k )ip(Xj 1 . . . Xj p )ip(Xj p+1 . . . Xj r ) + sum involving higher cumulants 

= ^(x 2 fe )^(x 31 . . . x jp Mx Jp+1 . . . x ip ) + 0. 

Conversely, suppose that R r+ 2(X k , Xj 1 , . . . ,Xj p ,X k ,Xj p+1 . . . ,Xy r ) 7^ 0, for some 
r > 1, and take the smallest such r. By (|4.6p . expansion has no singleton 

appearances of Xfe . Thus 

ip(X k Xj 1 . . ,Xj p X k Xj p+1 . . - Xj r ) = R r +2(X k ,Xj 1 , . . . ,Xj p ,X k ,Xj p+1 . . . ,Xj r ) 

r-l 

+ R a +2(x k ,Xf 1 , . . . ,Xf a ,x k ,Xf a+1 , . . . ) 

Q =0 #F=a 

= Rr+2 (Xfe , Xj 1 , . . . , X Jp , Xfe , X Jp+1 . . . , Xj r ) 

+ R 2 {X k ,X k )tjj(X jl . . .X jp )ip(X jp+1 ...X jr ). 
Thus i? r+2 (Xfc,Xj 1 , . . . ,Xj p ,X k ,Xj p+1 . . . ,Xj r ) = 0. 

□ 
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We will show that {Z^^} satisfies Kargin's Condition A for any choice of indices 
(i; G Nx{0, 1}. Since the assumptions are symmetric with respect to {X,,} and 
{Yj}, it is enough to analyze the case when the distinguished element is X fe = Z { h 1} . 

Suppose (l 1 fc)^{(e(l),ji),(e(2) > j 2 ) J ...(e(p) ) j p )}. Then 

r p+1 (X Jk ,zf\...,Z« p (p) ) = 0. 

Indeed, this holds true by i/>-freeness of .Ax, Ay if one of the e(i) = 0. On the other 
hand, if all e(i) = 1, then this holds true by (|4.6j) . Similarly, (</s|^)-freeness of 
Ax, Ay implies that 

R p+1 (X k ,zf i 1 \...,zfj ) ) = 

either because some of the e(j) — 0, or by (|4.6| . Thus (14. 1|) and ()4.2|1 hold for 
{Zf j) } {Zf } } by Claim [T] 
Similarly, if r > 1, 

^ +2 (x fe ,zf \ . . . ,zf + ^x fe ,z^ . . .,zf >) = 

either because some of e(i) = and Ax, Ay are (<p|-0)-free, or by (|4.8[) . Therefore 
HOD holds for {zf j) } by Claim ©. □ 



Lemma 4.4. For fixed j, k, m > 0, 

sup^^V^Un+V,,)" 1 )! <oo. 



Proof. Expanding the product, by Lemma 14.31 we see that 
(4.9) p(u£V*(U„+V B D 

-(j+fc+m)/2 V V,J TT 7.^ 



n 



(j+k+m 
n z 



where 

J>2 = U ■ #J~\s) + 1 for all 1 < s < n} 

is the set of mappings J : {1, . . . , j + k + m} — ► {1, . . . , n} that take no singleton 
values, and 

£ = {ee 2 {1 --^ +k+m} : 

e(l) = ■■■ = e(j) = 1, s(j + l) = ... = e{j + k) = 0}. 

The cardinality of the first set can be bounded above by #J7>2 < n U+ k + m )/ 2 ; 
and #£ = 2 m , so by 

/i+fc+m \ 



/j+k+m N 

E EH n Z SS 



□ 
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Let 

J 2 = {J ■ = 0, 2 for all 1 < s < n} 

be the subset of J7>2 that consists of all mappings J : {1, . . . , j + k+m} — » {1, . . . , n} 
that are two-to-one valued. (Clearly J 2 — % when j + k + to is odd.) 

Lemma 4.5. For j, k, m > 0, 
(4.10) 

limsup ¥ ,(U^(U„+V n n-n-«+ & +" 1 )/ 2 £ J] Z £ «) = 0, 

,/e eg£ s=i 

Proof. If there is a value s € {1 . . .n} that is taken by J at three or more different 

points, then there are at most j + k + m — 1 points on which J is two-to-one. 
Therefore, 



#(J> 2 \ J2) < 
and by (|4.4[) , the result follows from (|4.9j) , 



j + k + n (j+ k +,n ! 1 2 



E E 

J£J> 2 \J2 e 



9 



( n z ? 



< 



(j + k + m\ TO ( i+fe+m _ 1 )/ 2 

I 3 / 3+ fe + TO 



□ 



We remark that since J 2 — ^> for odd j + fe + to, Lemma 14.51 implies that 
limsup I v?((U n + V„) m )| = for odd to. 

n — >oo 

The next lemma is the main tool in identifying the limit via Theorem 12.11 
Lemma 4.6. For m > 1, 



lim sup 



^((u„-v„) 2 s™)-M^)E 5 i/ r 

3=1 



= 0. 



Proof. Since (a; — y) 2 = x(x — y) + y{y — x), and the joint moments of (U„, V n ) are 
symmetric in U„ , V„ , it is enough to show that 



(4.11) 



lim sup 



V (U n (U„ - V„)S£) - tp (§™) E S V n 



3 = 1 



0. 



By Lemma 121 once we expand the sums in ip (ll^S™ - V„§™ - S™ £™ =1 - 

the only contributing terms come from the sum over the two-to-one functions J : 
{1...to + 2} — > {l...n}. Therefore, it is enough to show that before taking the 
limit, we have the following identity: 



1 / m+2 \ / m+2 

( 4 - 12 ) -eeh n z t) )-f>[ x mY Ji2) n z 

/m+2 

-5j ( i)*j(i)=j(2)v n z j 



e ( S ) 
j( S ) 



e( S ) 



. s=3 
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Let J* C J% denote the set of two-to-one functions with J(l) = J(2). Expanding 
the products we see that for J 6 J7* each term in (|4.12j) can be written as 



m+2 \ / m+2 \ /m+2 

n z t) - H n z t) - n 

s=3 / \ s=3 / \ s=3 



Since Yj(2) is a singleton, by Lemma l4~3l ip (Xj^Y j( 2 ) IlS 2 z jfi+2) ) = ^he 
same lemma gives 

(m+2 \ / m+2 \ /m+2 \ 

x J(1) x J(a) n z$ = j x 2 7(1) n k ( & = n • 

s=3 / \ s=3 / \ s=3 / 

Thus 

/ / m+2 \ / m+2 \ \ 

(4.i3) eem x ^) x ^) n z t) - ^ x j(1) y j(2) n z?cS 

JGJ, e \ \ s=3 / \ s=3 / / 



i=i 

To end the proof, we need to show that the sum over J £ ^ \ J7* is zero. In fact, 
we observe that for each J £ Ji \ 3* , 

/ / m+2 \ / m+2 \ \ 

(4.i4) e ( v ( x,7 ( i)X J( 2) n z ?w ) - v ( x./(d y j(2) n Z&UJ = o. 

To see this, denote by r > 2 the unique index with J(l) = J(r). Given e 6 
2 {3,...,m+2} let 



1 — e(s) if s < r, 
e(s) if s > r. 

Clearly, the mapping e i— > e' is a bijection of £. Therefore, (|4.14[) follows from 

m+2 \ / m+2 

€ \ \ S — 3 / € \ s — 3 / / 

The latter holds true because by Lemma 14.31 for a fixed e, the left hand side of 
(HT51) is 

/ r-l \ / m+2 \ 

(x 2 J(1) )ywx J(2) n4X M n z j 



e '( S ) = 



(4.i5) em x ./(d x ./( 2 ) n z ?w = e ^ x ^(D Y ./( 2 ) n < (si 



J(s) 

s— 3 / \s— r+1 



while the right hand side of (|4. 15|) is 

(x 2 7(i))^(Y J( 2 ) n<5 ) )^( n z 



r-l \ / m+2 

e(s) 
J(a) 

s— 3 / \s— r+1 



The two expressions are equal, because the joint (mixed) ip- moments of Xj, X 2 , . . . , Yj. 
by construction do not change when we swap the roles of the sequences {Xj} 

and {Yj}. Of course, such a transformation converts ip ^Xj( 2 ) 111=3 Z j(s)) m ^o 

^(Y^nii^'g)- 7 □ 
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Proof of Theorem \4-l\ Since convergence of moments is a metric convergence, we 
use the standard lemma: to show convergence it suffices to show that every subse- 
quence has a subsequence that converges to the same limit. 

The joint ^-moments of U„,V n ,S„ converge, as the ^-moments of U n con- 
verge by assumption and (|4.5p . and U„,V n are tp-free so their joint ^-moments 
are uniquely determined from the moments of U n alone. 

By Lemma |4.4| from any subsequence V nk by diagonal method we can extract a 
further sub-subsequence such that the joint (^-moments of U n , V„, and § n converge 
along that sub-subsequence. Taken together, the limits of these ?/>-moments and 
t/3-moments define a pair of states on C(U, V), which we will denote again by ip and 
(p. Since U n ,V„ are -0-free and (ip\ip)-iree under the limit state U, V are also -0-free 
and (ip\ip)-iree. From Lemma l4~6l we see that the pair 

X:=U/5, Y:=V/5 

satisfies the assumptions of Theorem 12.11 with a = b = 0. By Proposition 13.11 this 
determines the </>law of U uniquely. Therefore, the original sequence {U„} con- 
verges in (z>-moments to U, and the 09-law of , 1 Y^" , X, ; = . / „■>,", „ 9 ILL 

y / S?H — \-Sl ^J- 1 J V Sj-h — \-Si 

converges in (ys-moments to U/S. Since the -0-law of V/S is the dilations by s/S of 
measure v, we get formula (|3.5j) . □ 

Proof of Corollary \4-S\ By Ref. [33] , or by repeating the proof of Theorem 14.11 
in the special case when ip — ip with Ref. [5J used instead of Theorem 12.11 we 
know that the i/j-moments of , 1 V"™ , X,- converge to the semicircle law of 

variance a 2 = s 2 /S 2 . 

Since the semicircle law has compact support, we can use Theorem 14.11 the 
limiting distribution is then given by (|3.6p . □ 

Acknowledgements. This research was partially supported by the Taft Research 
Center, KBN Grant No 1 P03A 01330, and NSF grant #DMS-0504198. The second 
named author thanks Magda Peligrad for bringing Ref. [23] to his attention. The 
paper benefited from comments by Luigi Accardi. 



References 

[1] Luigi Accardi, Yukihiro Hashimoto, and Nobuaki Obata. Notions of independence related to 
the free group. Infin. Dimens. Anal. Quantum Probab. Relat. Top., l(2):201-220, 1998. 

[2] Luigi Accardi, Yukihiro Hashimoto, and Nobuaki Obata. Singleton independence. In Quan- 
tum probability (Gdansk, 1997), volume 43 of Banach Center Publ., pages 9-24, Warsaw, 
1998. Polish Acad. Sci. 

[3] Michael Anshelevich. Free martingale polynomials. J. Funct. Anal., 201:228—261, 2003. 

|arXiv:math.CO/0112194| 
[4] Michael Anshelevich. Appell polynomials and their relatives II. Boolean theory. 

arXiv.org:0712.4185, 2007. 
[5] Michael Anshelevich. Free evolution on algebras with two states. arXiv.org:0803.4280, 2008. 
[6] Marek Bozejko. Positive definite functions on the free group and the noncommutative Riesz 

product. Boll. Un. Mat. Ital. A (6), 5(1):13-21, 1986. 
[7] Marek Bozejko. Uniformly bounded representations of free groups. J. Heine Angew. Math., 

377:170-186, 1987. 

[8] Marek Bozejko and Wlodzimierz Bryc. On a class of free Levy laws related to a regression 
problem. J. Funct. Anal., 236:59-77, 2006. arxiv.org/abs/math.OA/0410601. 

[9] Marek Bozejko, Michael Leinert, and Roland Speicher. Convolution and limit theorems for 
conditionally free random variables. Pacific J. Math., 175(2):357-388, 1996. 



16 MAREK BOZEJKO AND WLODZIMIERZ BRYC 

[10] Marek Bozejko and Roland Speicher. ^-independent and symmetrized white noises. In Quan- 
tum probability & related topics, QP-PQ, VI, pages 219-236. World Sci. Publishing, River 
Edge, NJ, 1991. 

[11] Marek Bozejko and Roland Speicher. Interpolations between bosonic and fermionic relations 

given by generalized Brownian motions. Math. Z., 222(1):135-159, 1996. 
[12] Marek Bozejko and Janusz Wysoczanski. New examples of convolutions and non-commutative 

central limit theorems. In Quantum probability (Gdansk, 1997), volume 43 of Banach Center 

Publ, pages 95-103. Polish Acad. Sci., Warsaw, 1998. 
[13] Marek Bozejko and Janusz Wysoczanski. Remarks on t-transformations of measures and 

convolutions. Ann. Inst. H. Poincare Probab. Statist., 37(6):737-761, 2001. 
[14] Wlodzimierz Bryc. Normal distribution: characterizations with applications, volume 100 of 

Lecture Notes in Statistics. Springer, 1995. 
[15] Wlodzimierz Bryc. Free exponential families as kernel families. arxiv.org:math.PR:0601273, 

2006-08. (sumbitted). 

[16] Wlodzimierz Bryc and Mourad Ismail. Approximation operators, exponential, and q- 

cxponential families. arxiv.org/abs/math.ST/0512224, 2005. 
[17] Wlodzimierz Bryc and Jacek Wesolowski. Bi-Poisson process. Infin. Dimens. Anal. Quantum 

Probab. Relat. Top., 10:277-291, 2007. arxiv.org/abs/math.PR/0404241. 
[18] Persi Diaconis, Kshitij Khare, and Laurent Saloff-Coste. Gibbs sampling, exponential families 

and orthogonal polynomials. Statistical Science, 23:151-178, 2008. 
[19] Uwe Franz. Multiplicative monotone convolutions. In Quantum probability, volume 73 of 

Banach Center Publ., pages 153—166. Polish Acad. Sci., Warsaw, 2006. 
[20] Akihito Hora and Nobuaki Obata. Quantum probability and spectral analysis of graphs. The- 
oretical and Mathematical Physics. Springer, Berlin, 2007. With a foreword by Luigi Accardi. 
[21] Mourad E. H. Ismail and C. Ping May. On a family of approximation operators. J. Math. 

Anal. Appl., 63(2):446-462, 1978. 
[22] Jacek Jakubowski and Stanislaw Kwapieh. On multiplicative systems of functions. Bull. Acad. 

Polon. Sci. Ser. Sci. Math., 27(9):689-694, 1979. 
[23] Vladislav Kargin. A proof of a non-commutative central limit theorem by the Lindebcrg 

method. Electron. Comm. Probab., 12:36—50 (electronic), 2007. 
[24] J. Komlos. A central limit theorem for multiplicative systems. Canad. Math. Bull, 16(1):67- 

73, 1973. 

[25] Claus Kostler and Roland Speicher. A noncommutative de finetti theorem: Invariance under 
quantum permutations is equivalent to freeness with amalgamation. arXiv:0807.0677 2008. 

[26] Anna Krystek and Hiroaki Yoshida. The combinatorics of the r-free convolution. Infin. Di- 
mens. Anal. Quantum Probab. Relat. Top., 6(4):619-627, 2003. 

[27] Anna Krystek and Hiroaki Yoshida. Generalized i-transformations of probability measures 
and deformed convolutions. Probab. Math. Statist., 24(1, Acta Univ. Wratislav. No. 2646):97— 
119, 2004. 

[28] R. G. Laha and E. Lukacs. On a problem connected with quadratic regression. Biometrika, 
47(300) :335-343, 1960. 

[29] Franz Lehner. Cumulants in noncommutative probability theory. I. Noncommutative ex- 
changeability systems. Math. Z., 248(1):67-100, 2004. 

[30] J. Meixner. Orthogonale Polynomsysteme mit einer besonderen Gestalt der erzeugenden 
Funktion. Journal of the London Mathematical Society, 9:6-13, 1934. 

[31] Carl N. Morris. Natural exponential families with quadratic variance functions. Ann. Statist., 
10(l):65-80, 1982. 

[32] Alexandru Nica and Roland Speicher. Lectures on the combinatorics of free probability, vol- 
ume 335 of London Mathematical Society Lecture Note Series. Cambridge University Press, 
Cambridge, 2006. 

[33] Gilles Pisier. An inequality for p-orthogonal sums in non-commutative L v . Illinois J. Math., 
44(4):901-923, 2000. 

[34] Naoko Saitoh and Hiroaki Yoshida. The infinite divisibility and orthogonal polynomials with 
a constant recursion formula in free probability theory. Probab. Math. Statist., 21(1):159— 170, 
2001. 

[35] Roland Speicher. Multiplicative functions on the lattice of noncrossing partitions and free 
convolution. Math. Ann., 298(4):611-628, 1994. 



QUADRATIC REGRESSION AND CLT FOR TWO-STATE ALGEBRAS 



17 



[36] Roland Speicher. Free probability theory and non-crossing partitions. Sera. Lothar. Combin., 

39: Art. B39c, 38 pp. (electronic), 1997. 
[37] Dan Voiculescu. Addition of certain noncommuting random variables. J. Fund. Anal, 

66(3):323-346, 1986. 

[38] Jiun-Chau Wang. Limit theorems for additive c-free convolution. arXiv:0805.0607 2008. 

Instytut Matematyczny, Uniwersytet Wroclawski, Pl. Grunwaldzki 2/4 50-384 Wroclaw, 
Poland. 

E-mail address: bozejko9math.uni.wroc.pl 

Department of Mathematics, University of Cincinnati, PO Box 210025, Cincinnati, 
OH 45221-0025, USA 

E-mail address: Wlodzimierz.BrycOUC.edu 



